A generic formula for the entropy of three-dimensional black holes endowed with a spin-3 field is found, which depends on the horizon area A and its spin-3 analogue ϕ
I. INTRODUCTION
The successful formulation of a consistent classical field theory that describes interacting massless fields of spin greater than two [1] [2] [3] has recently attracted a great deal of attention, mainly coming from different research branches within the theoretical high energy physics community (For recent reviews see e.g., [4] [5] [6] [7] [8] [9] ). The three-dimensional case has been shown to be particularly useful in order to gather more intuition about this subject, in which spacetime and gauge symmetries become intrinsically mixed in an unfamiliar way. Indeed, in three spacetime dimensions it is possible to formulate a simpler theory that contains nonpropagating but interacting fields of spins two and three only, without the need of introducing the whole tower of higher spin fields [10] [11] [12] [13] . The Lagrangian is given by a Chern-Simons form constructed out from two copies of SL (3, R), so that the theory describes gravity with negative cosmological constant, nonminimally coupled to an interacting spin-three field. The remarkable simplicity of this theory further allows to find exact black hole solutions endowed with a nontrivial spin-three field, as it has been recently reported in [14] [15] [16] . Note that, since the spin-three field is nonminimally coupled to gravity, one should not expect the standard Bekenstein-Hawking formula for the black hole entropy to apply for this class of higher spin black holes. In fact, in the simpler case of black holes with nonminimally coupled scalar hair, it is known that the entropy not only depends on the area, but also on the value of the matter field at the horizon [17] [18] [19] [20] . It is then natural to think that a similar effect should occur in the case of higher spin black holes. One of the purposes of this paper is to show that this is indeed the case. For the theory under consideration, the higher spin black hole entropy is found to be given by
where A and ϕ
1/3
+ stand for the reparametrization invariant integrals of the induced metric and spin-3 field at the spacelike section of the horizon, respectively; i.e., the horizon area
and its spin-three analogue
Note that the presence of the spin-3 field does not spoil the Bekenstein bound, since the higher spin black hole entropy (1) is bounded as S ≤ A/ (4G). Moreover, consistency of eq.
(1) implies that the absolute value of ϕ + also has to be bounded from above according to
The expression for the higher spin black hole entropy in (1) can be readily obtained by virtue of the first law of thermodynamics. In order to perform this task, one short and simple path turns out to be working in the canonical ensemble, since in this case, apart from the Hawking temperature, one just need to know the variation of the total energy of the system. In this way one circumvents the explicit computation of higher spin charges and their corresponding chemical potentials that contribute to the work terms in the grand canonical ensemble. As it was shown in [21] , the canonical approach of [22] applied to the Chern-Simons theory for SL (3, R) × SL (3, R) (see also e.g. [23] [24] [25] ), allows to obtain the variation of the total energy as the surface integral that corresponds to the variation of the total Hamiltonian, which is given by
where ∂Σ stands for the boundary of the spacelike section. The level is determined by the Newton constant and the AdS radius according to k = l 4G
, while A ± µ correspond to the gauge fields associated to both copies of SL (3, R). Here the bracket · · · is given by a quarter of the trace in the fundamental representation (see e.g., [13] ).
Since (5) corresponds to the variation of the energy in the canonical ensemble, the higher spin black hole entropy (1) can be found from the first law δE = T δS, where T stands for the Hawking temperature. In what follows an explicit check of this approach is carried out for the higher spin black hole solutions found in [14, 15] and [16] 1 .
II. EXPLICIT EXAMPLES
(i) The exact solution that has been found in [14, 15] is described by
where g ± = g ± (ρ) correspond to suitable group elements of each copy of SL (3, R) that depend only on the radial coordinate, and
where
This solution describes a static higher spin black hole, whose metric asymptotically approaches to that of AdS 3 of radiusl = l/2, so that the asymptotic behaviour is relaxed as compared with the one of [13] , [29] . As shown in [21] , the explicit form of g ± = g ± (ρ), is not needed to compute the variation of energy, since (5) reduces to
Therefore, evaluating (8) for the gauge fields a ± in (7), the variation of the energy was found to be given by
As explained in [15] , it is useful to introduce the following change of variables
since the conditions that are obtained from requiring the holonomy along the thermal cycle for the Euclidean solution to be trivial become fairly simplified. One of these conditions allows to find the Hawking temperature T = β −1 , with
where in eq. (11) we have made use of the remaining condition 2 . The variation of the energy (9) then reads
Note that the variation of the canonical energy is not an exact differential. Nevertheless,
as it has to be in the canonical ensemble, the inverse Hawking temperature β acts as an integrating factor such that the product βδE becomes an exact differential that defines the variation of the entropy, i.e.,
and therefore, the entropy is given by
In terms of the horizon area and the value of the purely angular component of the spin-3 field at the horizon, which for this case read [15] 3
one verifies that the entropy formula in eq. (1) reduces to (14) .
It is worth pointing out that the perturbative expansion of the higher spin black hole entropy in the spin-three field, in terms of the original variables L and W reads
in agreement with the result found in [30] through a different approach. The full nonperturbative expression for the entropy S in eq. (14) differs from the one found in [15] , here denoted asS, by a factor that depends on the integration constant C that characterizes the spin-three field, i.e., S =S 1 − 3 2C −1 . Further comments about the comparison with the results in [30] and [15] are discussed below.
(ii) In the case of the static higher spin black hole solution found in [16] , whose metric approaches to that of AdS 3 of radiusl = l/2, the gauge fields can also be expressed as in (6) , with g ± = e ±ρL ± 0 and
Requiring the holonomy around the thermal cycle of the Euclidean solution to be trivial, fixes the Hawking temperature as
and also gives the condition Φ = 4Q.
In [21] , by making use of the surface integral in eq. (5), the total energy of this higher spin black hole was found to be given by
so that by virtue of the first law δE = T δS, the entropy was shown to agree with Cardy formula, i.e.,
where, since the asymptotic form of the metric approaches to AdS 3 of radiusl, the zero modes of the Virasoro generators are given by
and c stands for the central charge that was shown to agree with the one of Brown and Henneaux in [13, 29, 31] , i.e., c = 3l/(2G).
In this case, the value of the purely angular component of the spin-3 field at the horizon, and the horizon area are given by
respectively, from which it can seen that the entropy in eq. (22) for this higher spin black hole is also successfully reproduced by virtue of the generic entropy formula in (1).
III. DISCUSSION AND FINAL REMARKS
It has been shown that the entropy of black holes endowed with a spin-3 field in three dimensions can be expressed in terms of the reparametrization invariant integrals of the pullback of the metric and the spin-3 field at the spacelike section of the horizon, namely, the horizon area A, and its spin-3 analogue ϕ 1/3 + . The entropy formula (1) turns out to be, by construction, invariant under proper gauge transformations. Indeed, since the variation of the total energy (5) is invariant by definition, as well as it is the temperature, because it can be found through requiring the holonomy along the thermal cycle to be trivial, by virtue of the first law, δS = βδE, the entropy does.
Consistency of (1) also implies that the absolute value of ϕ 1/3 + becomes bounded from above by the horizon area, as in eq. (4). It is then worth pointing out that for the allowed range of parameters for which the higher spin black holes of refs. [14, 15] and [16] are defined, eq. (4) turns out to be at most saturated, which reassuringly means that the bound cannot be improved.
Note that as expressed by formula (1), the higher spin black hole entropy turns out to be described by a multivalued function, so that in order to suitably take into account the different branches of the codomain, it is useful to parametrize the quotient ϕ + /A 3 by an "angular" variable, defined as
so that the entropy reads
Positivity of the entropy then implies that the angle fulfills |φ| ≤ 3π. In terms of this variable, the bound in (4) becomes saturated for |φ| = π or |φ| = 3π, so that and in these cases the entropy can be either S =
, or S = 0, respectively. It is also worth highlighting that ϕ + may vanish even in the presence of a nontrivial spin-3 field along spacetime, which corresponds to the cases φ = 0, and |φ| = 2π. In the former case (no winding) the entropy reduces to the one of a BTZ black hole constructed out from identifications of the AdS 3 vacuum of radius l, i.e., S = A/(4G), while for the latter (winding one), the entropy is given by S = A/(8G), which also corresponds to the one of a BTZ black hole, but constructed out from the other maximally symmetric vacuum, described by AdS 3 spacetime of radius
In the case of static circularly symmetric higher spin black holes, since the metric can be written in diagonal form, the horizon is located at a fixed value of the radial coordinate ρ = ρ + , so that the cube of the spin-3 analogue of the area becomes determined by the purely angular component of the spin-3 field at the horizon according to ϕ + = (2π)
Hence, the entropy (1) reduces to
where A = 2π √ g θθ ρ + . It is then reassuring to verify that in the weak spin-3 field limit, formula (28) expands as
in full agreement with the result found by Campoleoni, Fredenhagen, Pfenninger and Theisen [30] , which has been recently obtained through a completely different approach. Indeed, in ref. [30] , the action was explicitly expressed in terms of the metric and the perturbative expansion of the spin-3 field up to quadratic order, so that the correction to the area law described by (29) was found by means of Wald's formula [32] .
The discrepancy of our results for the higher spin black hole entropy, as compared with the ones in [15] 5 , stems from a mismatch in the global charges that becomes inherited by the entropy once computed through the first law. In fact, as explained in [21] , since the higher spin black hole solution found in [14, 15] possesses a relaxed asymptotic behavior with respect to the one described in refs. [13, 29, 31] , the global charges, and in particular, the variation of the total energy (5), do not depend linearly on the deviation of the fields with respect to the reference background, so that the additional nonlinear contributions appearing in (9) cannot be neglected even in the weak spin-3 field limit.
As an ending remark, it would be interesting to explore how the higher spin black hole entropy formula (1) and the bound (4) extend to the case of theories that include fields with spin greater than three, as it is the case for the solutions discussed in [33, [35] [36] [37] , as well as how could they be recovered, along the lines of [33, 34, [38] [39] [40] [41] [42] [43] , from a suitable notion of energy for the dual theory at the boundary.
